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Explicit expressions in terms of subgraphs of the graph are given for the first five coefficients 
of the chromatic polynomial of a graph. 
1. Introduction 
Whitney [3] has given expressions for the first six coefficients of the chromatic 
polynomial of a regular map. In this paper we give analogous expressions for the 
general connected graph. Our results were obtained by using the following result 
for the chromatic polynomial of a graph G, given in Whitney [4], 
M(G; A) = c (-l)“(k, s)P, (1) 
where (k, s) is the number of subgraphs of G consisting of k components and s 
edges. 
2. The results 
Let G be a graph with p nodes and q edges. The coefficients of AI’, A”-’ and 
APD2 in M(G, A) can be easily deduced, and are welf known to be 1, -q and (4) - A 
respectively, where A is the number of subgraphs of G which are triangles. 
The following lemma will be useful in the material which fallows. 
Lemma 1. Let G be a graph with p nodes and p - n components. Then G consists of 
p - c isolate8 nodes together with c - n non-trivial components, where n s c e 2n. If 
OCnCp-1, then n<cg2n, 
Proof. Let p -c be the number of isolated nodes in G. Then the number of 
non-trivial components i p - n - (p - c) = c - n, Since, each non-trivial component 
must contain at least 2 nodes, the total number of nodes in the non-trivial 
components i  at least 2(c - n). Since G has p-c isolated nodes and p nodes in 
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all. the non-trivial componer,:s must together use up c nodes. Therefore 
c%2(c-n)=2c-2n * cS2n. 
Clearly c - n cannot be negative. Therefore c - n a 0. + c 2 n. Hence 
If n < p - 1, then p > n + 1 and p - n > 1. This means that G contains more than 
one component. Not all of these can be trivial since that would imply that n = 0. 
Hence c--n>0 * c>n. Thereffore nccs2n. 0 
D n. By a pure quadrilateral, we will mean a quadrilateral which has no 
diagonals. 
If S is a set of subgraphs of G, ISI will denote the number of subgraphs of G of 
the types defined in S. 
We will now prove the following result. 
I%eorens 1. The coefficient of Ape3 in M(G; A) is 
p f: +(4-2)A+B-2c, 0 
where A, N and C are the numbers of subgraphs of G which are 
yuadrilaterais und complete graphs with four node:;, respectively. 
triangles, pure 
Pmaf. The coefficient of A*-’ from (1) is 
a,,.,=~~-l)‘(k,s), with k=p-3, 
k..u 
whcrc (k, s) is the number of subgraphs of G with p - 3 components and s edges. 
From Lemma 1, we know that the only subgraphs with p nodes and p -3 
components are those cortaining p-c isolated nodes alid c -3 non-empty 
components, where 3 C c s 6. 
c = 3. ‘The only graphs with 4 nodes and one component are the following. 
(1) (2) (3) (4) (5) (6) 
c = S. The only graphs with 5 nodes and 2 components are the following. 
c = 6. The only graph with 6 nodes and 3 components if, thle graph consisting of 3 
independent edges. We will call this graph (9). 
In order to obtain the contributi,ons of these graphs to uP_3 it is convenient o 
put them into categories. In category S, we will put graphs (1), (2), (7) and 
(9)-all those with thl:ee edges. There are only 5 graphs with 3 edges and not 
containing isolated nodes. They are the four graphs in S1, and the triangle. 
Therefore 
4 
‘s’ 0 1 = 3 -A, 
where q is the number of edges in G and A is the number of triangles in G. The 
contribution of the graphs in S1 to L+,_.~ is therefore 
o,=(-1,“[(;)-A]=--(;)+A. (2) 
We will put graphs (3) aLad (8) into category S2. Thus S2 contains those graphs 
consisting of a triangle and an edge. Since a triangle ‘“uses up” 3 of the q edges, it 
follows that 
IS,( = (q - 3)A. 
The contribution of these graphs to up_:, is therefore 
8,!=(-1)4(q-3)A =(q-3)A. (3) 
Graph (4) is a pure quadrilateral. Its contribution to u,,__~ is (- 1)4 = 1. If G 
contains B pure quadrilaterals, their contribution to up_3 will be 
e3 = B. (4) 
Graph (5) contains 5 edges o its contribution to Q,,_~ is (-1)‘. This graph contains 
a subgraph which must also be counted viz. graph (4). The net contribution of 
graph (5) is therefore (-1)5+(-1)4= 0. Hence we need not count quadrilaterals 
with one diagonal, and their subgraphs which are pure quadrilaterals. 
Graph (6) contains 3 subgraphs which are graph (4)‘s, 6 graph (5)‘s and 1 graph 
(6). The net contribution to u,,_.~ of a graph (6) is therefore 
3(-1)4+6(-1)“+ 1 = -2. 
Hence the net contribution all graph (6)‘s is 
64 = -2c, 
where C is the number of complete graphs with four nodes. 
Using (1) we get 
up-3 = - ; +A+(q--3)A-kB-2C 0 
(S) 
from Eqs. (2), (3), (4) and (5). Therefore 
qP3=- 3 0 
4 +(q-2)A+B-2C. 0 
The following corollary gives an upper bound for \q.,-& This bound is sharper 
than the bound of (1) obtainable from Meredith ([I], Theorem 1). 
Corollary 1.1. For any graph, 
Proof. K4 contains 6 edges. Therefore if G contains K4 as a subgraph, G must 
have at least 6 edges. It follows that 
@-2)A-20(6-2)A-2C=4A-2C 
=$%+a- ; +4A-2C 
0 
as required. Cl 
The following corollary gives upper and lower bounds for Iu& The following 
result can be obtained by using the lower 
Corollary 1.1. 
bound for I%_31 given in Read [2] and 
ComIky 1.2. ff G is connected, then 
In order to find L+,-~ we will need ~11 graphs with p nodes and p -4 compo- 
nents. According to Lemma 1, these graphs consist of p - c isolated nodes and 
c - n non-trivia1 components, where 4 <c:  s 8. 
c = 5. In this case, t-ire graphs contain p - 5 isolated nodes and 1 component with 
5 nodes. The connected graphs with 5 nodes are the following. 
/I (2) (3) ‘4) (5) (6) (7) 
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(15) of4 (17) (18) 
c = 6. The graphs with 6 nodes and 2 non-trivial -- 
(22) (23) (24) (251 
(29) 
c=7. 
c =8. 
graph 
Let 
All 
The graphs with 7 nodes and 3 non-trivial components are the following. 
Ai cl 
(26) (27) 
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comporlents are the followin,g. 
A 
/1 i 
(2C) 
(31) (32) 
There is only one graph with 8 nodes and 4 non-trivial components-the 
consisting of 4 independent edges. We will call it graph (33). 
us partition these 33 graphs into categories as follows. 
S1 ={1,2,4,22,23,24,31,33), S2 = {3,6,7,25,26,32), 
S3 = {16,30}, S4 = (5,271, 
Ss = {9,28), S,={ll, 13,291, 
S,={lO, 12,14,15,17,18,19,20}, and &={8,21}. 
the graphs in S1 contain 4 edges. The only other connected graphs with 4 
edges are graphs (3), (4) and (8) in Theorem 1 Ia Also, the number of graphs of 
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type (3) and (8) is (q - 3)A, from the same theorem. Hence 
-(q-3)A-B. 
All the graphs in Sz consist of a triangle and two edges. The only other graph 
which consists of a triangle and two edges is a quadrilateral with one diagonal. Let 
X be the number of such subgraphs in G. Then 
IS,l= (” i3)A -2X, (6) 
since each quadrilateral with one diagonal is counted twice in (q;3)A. 
The graphs in Ss consist of K4 and an edge. These are the only graphs that can 
be ftlrmed with K4 and an edge. Therefore 
IS,( = Cq - 6)C. (7) 
S, contains graphs formed by “adding” an edge to a pure quadrilateral. The 
only other graph that can be formed by adding an edge to a pure quadrilateral is a 
yuadrilateral with one diagonal. Therefore 
IS,1 = (q -4)B -X. (8) 
The graphs in Ss are formed using two triangles. The only other graph that can 
be formed from two triangles is the quadrilateral with one diagonal. Therefore 
A 
S’ 0 ‘5 
= -X. (9) 
The graphs in S, are formed by adding an edge to a quadrilateral with one 
diagonal. The only other graph that can be so formed is &. K4 contains 6 
subgraphs which are quadrilaterals with one diagonal. Therefore each K4 in G 
will be counted 6 times in (q-5)X. Hence 
i&l =(q-5)X-6C. WV 
Let us denote by K (i = 1,2, . . . 7 8) gwhs W, W), (14), (1% (17), (lg), (19 
and (20) respectively. Let N(‘&) be the muuber of subgraphs of G, of type Ti. 
Then 
p&l= f N(7g. 
i=l 
(11) 
S% contains a pure pentagon and &. Let D and L be the number of pure 
pentagorjs and KS’s respectively. Then 
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By adding the contributions implied by Eqs. (5), (6), . . . and (12), we get 
+(q-3)X-qc-D+L+ i a(7-i), 
i=l 
(13) 
where cu( Ti) is the contribution to U~__~ of graphs of type Tim 
We will now reduce this expression for u~-~, to a form which will be more 
useful and practicable. 
As shown in the proof of Theorem 1, the contribution to uP-4 of a quadrilateral 
with one diagonal is 0, provided that its subgraph which is a pure quadrilateral is 
not counted. 
Every K4 contains 3 pure quadrilaterals. Therefore, if we decide not to count 
the subgraphs of K4 that are pure quadrilaterals and quadrilaterals with one 
diagonal, we will be omitting 3C of them. The contribution of the pure quadrila- 
terals will therefore reduce to 
-[(q - 3)(B - 3C)] = -(q - 3)B + 3(q - 3)C. 
Mence the term in C becomes 
3(q - 3)C - qc = (2q - 9)C. 
Therefore from (13), we get 
up-4=(3-(“;2)14-(;)- (q-3)B+(2q-9)C-D+L+ i cr(T). 
i=l 
(14) 
In order to further simplify the expression for u,,__~, wc note first of all, that the 
graphs 7’i (i=l,2,..., 8) have bee*1 named in such a way that 
(i) Ti is a subgraph of ‘I;j, or 
(ii) E(Ti) 17 E(T,) = 0, where E(T,) is the edge set of 1:. 
Our aim now is to simplify the application of the formula so that once a 
graph Tj is counted, its smaller subgraphs of type ‘& (i <j) will not be counted. 
As can be easily confirmed, the coefficients of up_4 in M(Ti ; A) (i = 1,2, . . . ,8) 
are 10, 6, 8, 8, 10, 12, 14 and 18 respectively. We can use this information to 
obtain the contribution to up__4 of each Tim As an illustration, for ‘II, q = 6, A = 0, 
B = 2 and N(T) = 1. Applying the formula for up_4 ii, Eq (14), we get 
6 
ap-4= 0 l 1. 2 -2 3+cK(T,)= 10. * a!@*):= 
Therefore each subgraph ‘I1 contributes 1 to CL,_~. Similarly we get that the 
contributions of Ti (i = 2,3. ~ . . , 8) are 0, 0, 0,2,0,3 and 0 respectively, provided 
thilt smaller SUbgfXlphS Of type Tj (if i) are IlOt counted. 
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As can be easily confirmed, the coefficient of u,.,-~ in M(K,; A) is 24. For K,, 
c( = 10, A = 10, C = 5. By using the result for a,_, given in (14) and ignoring all 
smaller subgraphs of type Ti (i = 1,2, . , . , 8), we get that the contribution of each 
KS to Qp-4 is -6. Hence we obtain the following theorem in which M = N(T,), 
P = N(T,) and R = N(T,). 
Theorem 2, The coefficient of Apw4 in M(G; A) is 
Let G be the complete graph with 7 nodes. Then 
=35, C= 
7 
0 4 =35 and L= 0 7 5 =21. 
By Theorem 2, 
apv4= (‘bi- (;)35+(;)+35(42-9)-6(21)= 1624. 
otice that the pure quadrilaterals were not counted, since each pure quadrila- 
teral is a subgraph of K,. Also graphs of type Ti (i = 1,2, . . . ,8) are not counted, 
since these will all be subgraphs of complete graphs with 5 nodes. 
4. Discussion 
Our technique can be easily used to obtain expressions for other coefficients of 
M(G ; A) in terms of subgraphs of G. However, the exercise would become more 
tedious, and the expressions more complicated. 
<‘.HJ. Meredith. Coefficients of chromatic polynomials, J. Combinatorial Theory (B) 13 (1972) 
l-I-17. 
2 ] R.C. Read, Introduction to chromatic polynomials, J. Combinatorial Theory 4 (1968) 52-71. 
31 H. Whitney. A logical expansion in mathematics, Bull. Amer. Math. Sot. 38 (1932) 572-579. 
41 H. Whitney, The colouring of graphs, Ann. of Mathematics 33 (1932) 688-718. 
